By using a nonlinear scalarization technique, the bounded rationality model for generalized abstract fuzzy economies in finite continuous spaces is established. Furthermore, by using the model , some new theorems for structural stability and robustness to ( , )-equilibria of generalized abstract fuzzy economies are proved.
Introduction
In 1952, Arrow and Debreu [1] first proved the existence theorem of the Walrasian equilibrium. Borglin and Keiding [2] generalized Arrow and Debreu's result to generalized abstract economy without order preferences. Then, the result was extended to many directions, see, for example, [3] [4] [5] [6] [7] [8] [9] and the references therein.
As is known to all, Zadeh [10] established the fuzzy set theory to treat the scenarios which cannot be characterized precisely as an attempt to develop the mathematical framework. Since then, the theory of fuzzy sets has been extended to many areas. Butnariu [11] first established the characterization of the fuzzy game. Billot [4] obtained some equilibrium existence theorems of fuzzy games. Huang [12, 13] studied a new class of generalized abstract fuzzy economies with uncountable number of players and proved some new existence theorems of maximal element for the abstract fuzzy economies and qualitative fuzzy games, respectively. For more about the fuzzy games and fuzzy abstract economies, we refer to [14] [15] [16] [17] [18] .
On the other hand, we know that both the Nash equilibrium and the Debreu equilibrium are established on the assumption of perfect rationality of the players in the game. This assumption in the economic models is too strict. Ideally, we would like to build a model of bounded rationality that could be meaningful not only in theory but also in application. For this purpose, Anderlini and Canning [19] established the abstract framework, a model , that consists of a parameterized class of general games and an associated abstract rationality function. They discussed the relationship of the robustness to bounded rationality and structural stability for the model . They also applied the result to four economic examples. Under the weak assumptions of Anderlini and Canning [19] , C. Yu and J. Yu [20, 21] proved the following result: the model is structurally stable and robust to -equilibria for almost all parameter values of generalized games and multiobjective games. Recently, Wang et al. [22] improved the economic model proposed by Anderlini and Canning, and under the weaker assumptions, they also showed that the model is structurally stable if and only if it is robust to -equilibria in generalized convex spaces. Miyazaki and Azuma [23] generalize the definitions of structurally stable and robustness to -equilibria that are introduced in Anderlini and Canning [19] and C. Yu and J. Yu [20, 21] . They also studied the essentiality of equilibria in a bounded rational environment.
Motivated and inspired by the work mentioned above, in this paper, a new class of generalized abstract fuzzy economies with an uncountable number of agents with fuzzy constraint correspondences and fuzzy preference correspondence in finite continuous spaces without any convexity structure is established. Then, a new existence theorem for generalized abstract fuzzy economies with an uncountable number of agents with fuzzy constraint correspondences and fuzzy preference correspondence in locally finite continuous uniform spaces is established in Section 3. Finally, applying the result in Section 3, we obtain that the model , which consists of a parameterized class of generalized abstract fuzzy economies and the associated abstract rationality function, is structurally stable at ( , ) if and only if is robust to ( , )-equilibria in Section 4. The results presented in this paper generalize some known results in [12, 13, [19] [20] [21] [22] .
Preliminaries
Let 2 and ⟨ ⟩ be the family of all subsets and the family of all nonempty finite subsets of a set , respectively. Let | | be the cardinality of , for arbitrary ∈ ⟨ ⟩. We denote by Δ the standard -dimensional simplex with vertices 0 , 1 , . . . , . For any nonempty set of {0, 1, . . . , }, we denote by Δ the convex hull of the vertices { : ∈ }. Ding and Wang [7] first introduced the following definition of finitely continuous topological space (or FC-space) without any convexity structure. It is easy to see that each FC-subspace of ( , { }) is also a FC-space by the definition of FC-subspaces of a FC-space, and if { } ∈ is a family of FC-subspaces of an FC-space ( , { }) and ⋂ ∈ ̸ = 0, then ⋂ ∈ is also an FC-subspace of ( , { }), where is any index set.
Definition 2 (see [24] ). If ( , U) is a uniform space and ( , { }) is an FC-space such that U has a basis B consisting of entourages satisfying that for each ∈ B, the set { ∈ :
∩ [ ] ̸ = 0} is an FC-subspace of whenever ∈ is an FC-subspace of , and then ( , U, { }) is said to be a locally FC-uniform space.
We denote by and both metric spaces as follows.
(i) If ( ) is contained in some compact subset of , then a set-valued mapping : → 2 is said to be compact. (ii) is lower semicontinuous at if and only if for any → and ∈ ( ), there exists ∈ ( ), → ; (iii) is continuous at if and only if for any → , ℎ( ( ), ( )) → 0, where ℎ is the Hausdorff distance defined on .
Equilibria of Generalized Abstract Fuzzy Economies
In this section, a new existence theorem for generalized abstract fuzzy economies with an uncountable number of agents with fuzzy constraint correspondences and fuzzy preference correspondence in locally FC-uniform spaces is established. Throughout this paper, let F( )(F( )) be the collection of all fuzzy sets on ( ), where and are two Hausdorff topological vector spaces and ⊂ and ⊂ are two nonempty convex subsets. We call a mapping from to F( )(F( )) a fuzzy mapping, and then for each ∈ , ( ) (denote by ) is a fuzzy set in F( ) and ( ) is the degree of membership of point in .
If for each ∈ , a fuzzy set on is a fuzzy convex set, then a fuzzy mapping : → F( ) is called convex; that is,
For any ∈ [0, 1], we denote by ( ) = { ∈ : ( ) ≥ } the -cut set of ∈ F( ).
A generalized abstract fuzzy economy Γ = ( , , , ) ∈ consists of a nonempty topological space (a choice set) , fuzzy constraint mappings (fuzzy constraint correspondences) , : = ∏ ∈ → F( ), a fuzzy preference mapping (fuzzy preference correspondence) : → F( ), and a finite or an infinite set of agents . A point̂∈ is said to be an equilibrium for Γ if each ∈ ,̂∈ (̂) (̂) and (̂) (̂) ∩ (̂) (̂) = 0, where , , : → (0, 1]. Theorem 3. Let ( , , , ) ∈ be an abstract fuzzy economy, = ∏ ∈ , and , , : → (0, 1] such that for each ∈ , the following conditions are satisfied: 
Proof. It is easy to see that ( , U, { }) becomes a locally FCuniform space by Lemma 2.1 in [24] . For each ∈ , define the following correspondence : → 2 by
Next, we will show that the family { } is an upper semicontinuous compact mapping with nonempty compact values. First, for each ∈ , ( ) is a nonempty FC-subspace of ; → ( ) ( ) ∩ ( ) ( ) is an upper semicontinuous compact mapping on with nonempty closed values because of the conditions (3) and (4). On the other hand, by the conditions (2)-(5), Lemma 3 of Fan [25] , and Lemma 3.1 of [26] , is an upper semicontinuous compact mapping with nonempty closed values. Now, we define a set-valued mapping : → 2 by
For each ∈ , is an upper semicontinuous compact mapping with nonempty compact values such that for each ∈ , ( ) is an FC-subspace of . By Lemma 3 of Fan [25] and Lemma 2.1 of [24] , is also upper semicontinuous compact mapping with nonempty closed values such that for each ∈ , ( ) is an FC-subspace of . From Lemma 2.2 of [24] , we know that there exists a point̂∈ such that ∈ (̂); that is,̂∈ (̂) for each ∈ . If for some ∈ ,̂∈ , then we havê∈ (̂) (̂) ∩ (̂) (̂) which contradicts the condition (6) . Therefore, we must have that ∉ for all ∈ . It follows from the definition of that for each ∈ ,̂∈ (̂) (̂) and (̂) (̂) ∩ (̂) (̂) = 0. This completes the proof of Theorem 3.
Remark 4. Theorem 3 extends and improves Theorem 3.1 of Huang [8] , Theorem 3.1 of Huang [12] , and Lemma 3.1 of Wang et al. [22] in the following aspects: (1) the generalized abstract fuzzy economy model we considered in Theorem 3 is more general; (2) we generalize the related results from the convex subset of a topological vector space and the generalized convex space to FC-space without any convexity structure. Theorem 3 is also an improved variant of Theorem 3.1 of Ding [24] in locally FC-uniform spaces. Finally, we emphasize that, FC-spaces include many topological spaces as special cases, for example, the convex subset of a topological vector space and the generalized convex space that were just mentioned and the -space.
Structural Stability and Robustness to ( , )-Equilibria
In this section, firstly, applying the result in Section 3, we study the model , which consists of a parameterized class of generalized abstract fuzzy economies and the associated abstract rationality function. Then, we obtain that the model is structurally stable at ( , ) if and only if is robust to ( , )-equilibria.
Let Γ = ( , , , ) ∈ be a generalized abstract fuzzy economy and satisfy all the conditions of Theorem 3. Then, from Theorem 3, we know that
is an upper semicontinuous compact mapping on = ∏ ∈ . Now we define that Λ = { = { } ∈ : : = ∏ ∈ → 2 }. By the conclusion from Theorem 3, we have that there exists a point̂∈ such that̂∈ (̂), for each ∈ , and̂is an equilibrium point of the generalized abstract fuzzy economy Γ. We denote by ( ) the set of all equilibrium points of generalized abstract fuzzy economy Γ for each ∈ Λ. By Theorem 3, we know that ( ) ̸ = 0. Let be a metric space. For any 1 = { 1 } ∈ ∈ Λ and 2 = { 2 } ∈ ∈ Λ, we define that
where ℎ is the Hausdorff metric induced on induced by a metric for each ∈ .
Lemma 5. (Λ, ) is a complete metric space.
Proof. We denote by { } any Cauchy sequence in Λ. Then, for any > 0, there exists a positive integer ( ) such that ∀ , ≥ ( ); we have
It is easy to see that is complete and = ∏ ∈ is compact by the compactness of . On the other hand, under the Hausdorff distance, the family of compact subsets of is a complete metric space. Since : → 2 is a upper semicontinuous compact mapping on , by Proposition 3.1.11 in [27] , we have that there exists a compact set ( ) ⊂ , such that lim → ∞ ( ) = ( ), for all ∈ . It follows from (7) that ∀ ≥ ( ),
Because of = { } ∈ ∈ Λ, there exists ∈ , such that ∈ ( ), for each ∈ . Without loss of generality, applying the conclusion mentioned above that is compact, let → . It is easy to check that since is upper semicontinuous on , there exists a positive integer
Then, we have ∀ ≥ 0 ,
Let → ∞; we have that ( , ( )) ≤ 3 . Since can be arbitrary small, we get ( , ( )) = 0 and ∈ ( ). Then, we have = { } ∈ ∈ Λ. Therefore, (Λ, ) is a complete metric space. This completes the proof. Now, we consider the model = (Λ, , , ), where (i) Λ is a complete metric space;
(ii) is a metric space; (iii) for any ∈ and for all = { } ∈ ∈ Λ, define ( , ) = ( ) = ∏ ∈ ( ). For all ∈ Λ, the continuous correspondence : Λ → 2 denoted by ( ) = { ∈ : ∈ ( , )} = { ∈ : ∈ ( )} and for all ∈ Λ, ( ) is a nonempty compact; (iv) for any ∈ ( ), define : Gragh ( ) → + by
where is the distance on , for each ∈ . : Gragh ( ) → + is a rationality function, and ( , ) = 0 means the full rationality.
For any ∈ Λ and any ≥ 0, we define the set ofequilibria of generalized abstract fuzzy economy Γ at by
As a special case, we define the set of all equilibrium points of generalized abstract fuzzy economy Γ at by ( ) = ( , 0) = { ∈ ( ) : ( , ) = 0} .
It is easy to see that for all ( , ) ∈ Λ × + , if is lower semicontinuous, then ( , ) is compact.
Note that ( , ) ≥ 0 and ( , ) = 0 if and only if ∈ ( ) and ∈ ( ) for every ∈ .
Lemma 6. ( , ) is lower semicontinuous at ( , ).
Proof. First, we need to prove that ∀ = { } ∈ ∈ Λ with ( , ) → 0, where = { } ∈ ∈ Λ and ∀ ∈ with → ; the following inequality holds:
It is easy to see that : → 2 is compact upper semicontinuous, and from Proposition 3.1.19 in [27] , we obtain that ( , ( )) = min ∈ ( ) ( , ) is lower semicontinuous at . Thus, we get ∃ 1 , where 1 is a positive integer, such that, ∀ ≥ 1 ,
Since for any = 1, 2, . . ., is compact, we get that ∃ ∈ ( ) such that
On the other hand, because of ℎ ( ( ), ( )) → 0 and ∈ ( ), we know that there exists a positive integer 2 such that, ∀ ≥ 2 , ∃ ∈ ( ) with ( , ) < /2 for each ∈ . Letting = max{ 1 , 2 }, ∀ ∈ , we obtain that
Now, we obtain the conclusion that ( , ) is lower semicontinuous at ( , ). This completes the proof.
The following concepts of robust to ( , )-equilibria and structurally stable at ( , ) were introduced by Miyazaki and Azuma [23] . and ∀ ∈ Λ with ( , ) < and ℎ( ( , ), ( , )) < ; the model is said to be robust to ( , )-equilibria, where ℎ is the Hausdorff distance defined on .
Definition 8.
If the bounded rational equilibrium correspondence : Λ × + → 2 is continuous at ( , ), the model is said to be structurally stable at ( , ).
Theorem 9.
Under the assumptions of model , then, is structurally stable at ( , ) which implies that is robust to ( , )-equilibria.
Proof. Suppose that is not robust to ( , )-equilibria. Then, there are ≥ 0, sequence { } ∈ with > 0 for all ∈ and → , and → such that ℎ ( ( , ) , ( , )) ≥ .
Because of ( , ) ⊂ ( , ), we can choose ∈ ( , ) such that
Let → , because is compact. Since : Λ× + → 2 is continuous at ( , ), we get that ℎ( ( , ), ( , )) → 0. By the Lemma 3.2 in [20] , we obtain that
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On the other hand, since ( ) = { ∈ : ∈ ( , )} = { ∈ : ∈ ( )} , (21) we obtain that : Λ → 2 is upper semicontinuous from Lemma 6 in [28] . Since ∈ ( ), then ∈ ( ). Since is lower semicontinuous and ( , ) ≤ , then ( , ) ≤ lim → ∞ ( , ) = 0. Thus we obtain ∈ ( , ) which contradicts that min V∈ ( , ) ( , V) ≥ /2. Thus, we have that is robust to ( , )-equilibria. This completes the proof.
Remark 10. Theorem 9 improves and generalizes Theorem 3.1 of [19] in the following aspects: (1) Λ is a complete metric space, is a metric space, and we dropped the compactness of Λ; (2) the continuity of is weakened to the upper semicontinuity; (3) the continuity of is weakened to the lower semicontinuity. Compared with Theorem 3.1 of C. Yu and J. Yu [20, 21] and Theorem 3.1 of Wang et al. [22] , the model we considered in Theorem 9 is more general and we generalize the related conclusions from structural stability at to structural stability at ( , ) and from robustness toequilibria to robustness to ( , )-equilibria.
